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Abstract: The presented work deals with a three degree of freedom system with a spherical 

pendulum and a damper of the fractional type. The system consists of a block suspended from 

a linear spring and a fractional damper, and a spherical pendulum suspended from the block. 

The viscoelastic properties of the damper are described using the Riemann-Liouville fractional 

derivative. The fractional derivative of an order of 0 <   1 is assumed. The nonlinear behav-

iour of the system in the vicinity of the internal and external resonances is studied. The multiple 
scales method has been used to obtain an approximate analytical solution to the studied system. 

The impact of a fractional order derivative on the dynamical behaviour of the system has been 

studied. 

Keywords: spherical pendulum, fractional damping, nonlinear vibrations, multiple scale method,  

1. Introduction  

The presented work deals with a three degree of freedom system with a spherical pendulum and a 

damper of the fractional type. This work is a continuation of the authors’ previous work [1]. The effect 
of fractional damping on the dynamic properties of a coupled mechanical system with a spherical pen-

dulum is examined. It is assumed that the spherical pendulum is suspended to the block mass, which is 

excited harmonically in the vertical direction (Fig. 1). The oscillator contains a linear spring and a 

damper of a fractional type. The body of mass m1 is subjected to the harmonic vertical excitation F(t) 
= Pcosνt. 

The investigated system (Fig. 1) can be described by dimensionless equations of motion [1]. For 

small oscillations, after transformations the equations of motion can be written down in the form 
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where 𝑓̇(𝛼)(∙) is the Riemann-Liouville fractional derivative defined as [2] 
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Fig. 1. Schematic diagram of the system [1] 

The multiple scales method is used to find the approximate solution to the equations of motion of 

the system (1-3). We introduce independent variables {𝑇0, 𝑇1, 𝑇2 … } = {𝜏, 𝜀𝜏, 𝜀2𝜏 … } and parameters 

𝛾 = 𝜀�̃� , 𝑝 = 𝜀2�̃�. The solution can be represented by  

 

 𝑧(𝑡) = 𝜀𝑧1 + 𝜀2𝑧2 + 𝜀3𝑧3 + ⋯,  𝜃(𝑡) = 𝜀𝜃1 + 𝜀2𝜃2 + 𝜀3𝜃3 + ⋯, 𝜙(𝑡) = 𝜀𝜙1 + 𝜀2𝜙2 + 𝜀3𝜙3 + ⋯ (5) 

 

Substituting the equations (5) into equations (1-3) we obtain 

For 𝜀1 
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2(𝑧1) + 𝑧1 = 0,   𝐷0

2(𝜃1) + 𝛽2𝜃1 = 0, 𝐷0
2(𝜙1) + 𝛽2𝜙1 = 0 (6) 

For 𝜀2 
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2(𝜃2) + 𝛽2𝜃2 = −2𝐷0𝐷1(𝜃1) + 𝐷0
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2(𝑧1)𝜙1

  (7) 

 

Next, substituting solution to the equations (5) into equations (6) and eliminating terms that produce 

secular terms we obtain conditions 2𝛽 = 1, 𝜇1 = 1, 1 − 𝛽 = 𝛽 . Next, we introduce  

1 − 𝛽 = 𝛽 + 𝜀𝜎2,   𝜇1 = 1 + 𝜀𝜎1, 𝜀𝑇0 = 𝑇1, and we investigate a steady-state solution. 

 

3. Concluding Remarks 

The impact of the order of the fractional derivative on small nonlinear oscillation of the system 

containing a spherical pendulum has been studied. The performed analysis show that use of the frac-

tional damping has an impact on the small oscillation of the system. 
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