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Abstract: This paper focuses on the stabilization effect of dry friction in sample-data
systems that use discrete-time state-feedback in position control applications. The results
are presented through the example of a single-degree-of-freedom effective system model.
This paper shows that in these systems, the destabilizing effect of sampling can still be
compensated to some extent by the presence of dry friction resulted in an unstable limit
cycle. The domain of attraction of the zero reference position as the fixed point is also
presented in this paper.
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1. Introduction
One of the fundamental tasks of mechatronics is position control. In these systems, the main aim
of the applied controller is to drive the system into the desired position, which is typically
achieved by state feedback. In the analysis of these systems, the effect of friction is often neglected due to the application of a suitable friction compensation algorithm [1] or because it
results in a conservative stability condition. It is also a common practice to neglect the effect of
sampling and quantization. Although these simplifications can be reasonable from the engineering point of view, explaining some intricate vibration phenomena requires the handling of more
accurate system models. For example, the effect quantization may lead to chaotic motions even
at high sampling rates [2], the effect of sampling can result in multi-frequency vibration even in
the case of a single-degree-of-freedom system model [3], or the sampled-data systems can have
special concave envelope vibrations when only dry friction stabilizes the motion [4].

2. Effective system model with dry friction
To illustrate the stabilization effect of dry friction, a single-degree-of-freedom mechanical system is considered where discrete-time state feedback with zero-order-hold signal recognition is
used to drive the system into the zero reference position. The resulting governing equation of
motion is
𝑚𝑥̈ (𝑡) + 𝑓𝐶 sgn(𝑥̇ (𝑡)) = −𝑘𝑝 𝑥𝑗 with 𝑡 ∈ [𝑡𝑗 , 𝑡𝑗 + 𝜏),

(1)

where 𝑥(𝑡) is the generalized coordinate as a function of time 𝑡, 𝑚 is the generalized mass that
takes its meaning based on the definition of 𝑥, and 𝑓𝐶 denotes the magnitude of dry friction force.
The control gain is 𝑘𝑝 , and 𝑡𝑗 = 𝑗𝜏 with 𝑗 ∈ ℤ is the 𝑗th sampling instant, where 𝜏 is the sampling
time. In order to analyse the dynamic behaviour of the system, Eq. (1) can be solved for the
discrete state variables 𝐱𝑗 = [𝑥𝑗 𝑣𝑗 ]T , where 𝑥𝑗 = 𝑥(𝑡𝑗 ) and 𝑣𝑗 = 𝑥̇ (𝑡𝑗 ) represents the sampled
position and velocity at the beginning of the 𝑗th time interval, in the form of a non-homogeneous
map 𝐱𝑗+1 = 𝐀𝐱𝑗 − 𝐚 sgn(𝑥̇ (𝑡)), which is valid between velocity reversals.

Effective continuous-time system model with friction
First, the case is investigated when the effect of dry friction is neglected. The corresponding
results serve as a reference to examine the effect of friction. The dynamic behaviour of the frictionless system is represented by the roots 𝑧1,2 of the characteristic equation of matrix 𝐀. When
the parameter 𝑝 = 𝑘𝑝 𝜏 2 /𝑚 is in the range 0 < 𝑝 < 16, then the characteristic roots are complex
with non-zero imaginary part, i.e., 𝑧1,2 = 𝜌 exp(±𝑖𝜗). It results that the magnitude 𝜌 of 𝑧1,2 is in
the range 1 < 𝜌 < 3, which means that the frictionless system has unstable oscillations around
the reference position. By neglecting the higher harmonics due to sampling, the motion can be
characterized by a damped oscillator with negative viscous damping term to model the unstable
behaviour. The resulted in the effective continuous-time model is
𝑥̈ (𝑡) + 𝑓0 𝜔𝑛2 sgn(𝑥̇ (𝑡)) = −𝜔𝑛2 𝑥(t) + 2ζω𝑛 𝑥̇ (t),

(2)

where 𝑓0 = 𝑓𝐶 /𝑘𝑝 , the undamped natural angular frequency ω𝑛 , and the damping ratio ζ. For
further details, the reader is referred to [3] and [4].
Stability in the presence of friction
First, the solution of the effective continuous-time model in Eq. (2) is needed. Assuming that the
initial conditions are 𝑥0 > 0 and 𝑣0 = 0, the motion takes place with negative velocity. With
these, the solution 𝑥 − (𝑡) can be determined until the first velocity reversal, which happens at
𝑡 = 𝜋/𝜔𝑑 . If there is a periodic solution, the condition 𝑥 − (𝜋/𝜔𝑑 ) = −𝑥0 has to be satisfied
resulted in the critical initial position as
ζω π
𝑥0∗ = 𝑓0 coth ( 𝑛 ) with 𝜔𝑑 = 𝜔𝑛 √1 − 𝜁 2 .
(3)
𝜔𝑑 2

In the case of non-zero initial velocity with arbitrary initial position, the solution of Eq. (2) is
𝑥 + (𝑡). Based on 𝑥 + (𝑡), the elapsed time for the first vibration peak can be determined as
𝑡∩ =
𝑡∩

𝑥 + (𝑡),

1
𝜔𝑑

atan(

𝑥0 +𝑓0 + ζ𝑣0
𝑣0 √1−𝜁 2

).

If the time is substituted back to
the first maximum position is
if the condition 𝑥0∗ = 𝑥 ∩ holds, there is also a periodic solution.

(4)
𝑥∩

=

𝑥 + (𝑡 ∩ ).

Finally,

3. Concluding Remarks
In this paper, the main characteristics of sampled-data systems were investigated by considering
dry friction as the primary source of physical dissipation. For the analysis of the sampled-data
system with dry friction, an effective continuous-time model was derived. It was also shown
when the effect of dry friction is also taken into account, the system can become sensitive to the
initial conditions, and a limit cycle develops around the desired position.

Acknowledgment: The research reported in this paper was supported by the National Research, Development and Innovation Office of Hungary under Grant No. PD 128398.

References
[1] ARMSTRONG-HÉLOUVRY B, DUPONT P, CANUDAS DE WIT C: A survey of models, analysis tools and
compensation methods for the control of machines with friction. Automatica 1994, 30(7):1083-1138.

[2] CSERNAK G, STEPAN G: Digital control as source of chaotic behavior. International Journal of Bifurcation and Chaos 2010, 20(5):1365-1378.

[3] BUDAI C, KOVACS, L. L, KOVECSES, J, STEPAN, G: Effect of dry friction on vibrations of sampled-data
mechatronic systems. Nonlinear Dynamics 2017, 88(1):349–361.

[4] BUDAI C, KOVACS, L. L, KOVECSES, J, STEPAN, G: Combined effects of sampling and dry friction on
position control. Nonlinear Dynamics 2019, 98:3001-3007.

